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ABSTRACT

Although Gaussian probability densities are extremely useful in
enginesring analyses, they are frequently misinterpreted in this context.
This report ls specifically designed to clarify this situation, While the
material presented may be well known among statisticians, tho engineering
community appears to require such exposition.

The report begins by developing, from first principles, the contours
of constant probability associated with n-dimensional normal density
functions. Analytic expressions are then derived for the probability that
the random variables under study will be contained within these contours.
The results obtained are fully discussed from an engineering viewpoint.
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Although error analyses constitute one of the more frequently
encountered types of engineering problems, the topic is fraught with fallacies,
misconceptions, and distortions. One basic difficulty occurs in attempting to
interpret covariance matrices. While the usual assumption of Gaussianness is
reasonable, there is widespread tendency to assign erroneous probability con-

fidence levels to the associated error ellipsoids. For example, it is not well -

known in the engineering community that a 2-sigma ellipsoid carries a different

probability confidence level than a 2-sigma ellipse or, for that matter, than a

2 -sigma line segment.

In this report, an attempt will be made to clarify this situation.
Although the material to be presented is supposedly "well-known" among a
miniscule clique of theorists, it is often the subject of much debate and the
cause of considerable confusion among engineers. For this reason, the
development will begin with a tutorial review of n-dimensional Gaussian prob-
ability densities and their associated contours of constant probability in var-
ious coordinate systems. The results obtained will then be used to develop

expressions for the probability associated with error contours in arbitrary
dimensional spaces. The practical engineering aspects of the theory with

an example will be considered in the final section.
NOTATIONAL CONVENTIONS

ox, dy.
1. The symbols A, C, T, A, [571-] , and [Ez—l] represent matrices.
j .

J
2. The unsubscripted symbols x, y, z are column vectors.
e
3. The asterisk ( ) is used to indicate matrix transposition.
4. The symbol & denotes statistical expectation.
5. All other symbols represent scalar quantities.
-1 -




GAUSSIAN DENSITY FUNCTIONS AND PROBABILITY CONTOURS

Let x be an n-dimensional Gaussian random vector with mean x and

covariance matrix C given by

X = &x)

(1)
C=8x-Dx-3)"

In general, C is positive semidefinite. However, since the case of singular
C is of no practical interest, it will be assumed that C is strictly positive

definite.
The probability density function for x is

1
(Det C)

px(x) - (Zn)“lz 172 %P [‘%(X-E,’i‘C'l(x-;)] (2)

It follows from the above that contours of constant probability density are
defined by

2

x-0)ctx-%) = k (3)

for arbitrary constant k. Geometrically, Equation (3) describes hyperellip-

soids in n-space.

Now, it is desirable to define a space in which the coordinate axes are
coincident with the princip~l axes of Equation (3). Toward this end, define

a new n-dimensional zero mean random vector y by
y = A(x - x)

Since C is symmetric, A can be chosen so that

Det A - 1 (5)
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with

A = - (6)

"
The elements of Aare, of course, the eigenvalues of C, and the columns of A
are the eigenvectors of C. Thus A is an orthogonal matrix which trans-

forms the covariance C into a covariance A associated with the principal axes

of the hyperellipsoid given by Equation (3).

In general, if random vectors x and y are related by a one-to-one

(nonsingular) mapping, the associated density functions are related by(Ref. 1)

ox,
pyly) = p,lx) Det [37:] (7)
where
Bx1 axl axl
ay1 ayz * o0 ayn
3y sz axz axz
[Ey_l] g | ¥y 3y, n (8)
J
dx dx dx
n n
i a_Y—l 5)’2 Yn }

o sy o
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For the case at hand, the mapping in question is defined by Equaticn {4), so

that application of Equations (2) and (5) to Equation (7) yields

Det A'1
n/2 bet C)

1 * 9
p.ly) exp (-5 y Ay)
y (2m) 1/2 2

. (9)

1 % -
exp (- 5y A y)
(Zn)an(Det Ay e z

where the last result follows from Equations (5). Finally, from

Equation (6)

YZ Yz YZ

1 1 1 2 n
pyy) 772 exp (-z\=z *t =z *+ ... + ]{(10)

) 0,0, ... 0 o o o

12 n 1 2 n

It follows from Equation (10) that contours of constant probability density

in y-space are the hyperellipsoids given by

2
Yn
;—z-+ oT + o« o 0 + ;2' - k (ll)
2 n

These contours are identical to those defined by Equation (3). However,
the principal axes are now coincident with the y-coordinate axes as desired,

ivee, yy» Yyr o tes ¥y, are independently distributed.

For case of manipulation, it is convenient to further transform the y

variables to a space in which the constant probability contours are hyperspheres.

In line with this goal, define the new random vector z by
z - Ty (12)

where




3y ]
Detﬁf- oo .

which reduces to
pz(z) = (—2n—1)n7: exp [—é—(zf + zg + oo+ zi)] - (15)

upon application of Equations (12) and (13). Thus, as desired, the contours
of constant probability density defined by Equation (15)

2 2 2 2

zl + Zl + oo + Zn - k (16)
are hyperspheres of radius k. Comparison of Equation (15) with the general

Gaussian density function, Equation (2), shows that Zyr wge wees # are
independent Gaussian random variables with sero mein.» ond unit variances.

From the basic concept of density functions, the pr .t ibiiity that
Zyv Zye e 2o lies within the hypersphere of radius k is < by
+‘/l:2":’2" 1 Vk’-;': ‘:'— -;{5_1
_ v e - 2 -
P, tk) = ;—)—7'2— dan L.\p[-l/l(&l oy teee t "n)]
Ve, e ¢ e
k S EEEI N
(17
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From the preceding analysis, {t {s cloar tlat p“(k) i aluo the
probability that x lies within the hyperellipsoid of Equation (). Thus, the
basic problem of finding pn(k). the probability vonftdence lovel of the k-
sigma' hyperellipsoid in n-apaco, reduces te avaluation of kquation (17).
It may appear that the moat direct approach tu obtain the desired prob-
abilities is by integration of (17) uning n-dimensional polar coordinates,
While this technique readily yields the deasired results for n « 1,2, and
3, the integrals become extremely unwieldy for higher dimenatons. This
difficulty can be overcome by recasting Equation (15) in tarms of the
chi-square distribution and effectively collapsing n dimenidiona into ene
dimension. Direct integration is then a simple task, ylelding a recursion
formula for p_(k) valid for all n and k.

DETERMINATION OF PROBABILITIES CORRESPONDING TO "k-SIGMA"
CONTOURS.

Define the random variible u by the relation

] 2 é
u = zl+zz+...+zn (18)

It can be shown [Ref 3] that the probability density function for u, pu(u). is

chi-square; that is

1 u(n-Z)/Z

AT exp(-u/2) for u>0 (19)
n/e

pu(u) =

pu(u) = 0 for us0

where ['( ) denotes the Gumina function.

In view of Equations (16) and (18) the interior of the k-sigma hyperellipsoid in

X-space corresponds to the line segment

2
0 s u s k" (20)

in u-space. Thus,




:
! (n-d)/2
LY IR V2 rowwreell A
"n " anl)f‘

Spucialining Bquation (21) for n # 1 and recalling that T'(1/8) = /o ylelda

exp (~u/2) du (el)

1
K
py (k) *(.-.—-'-;{-n[ W R axpls /) du (22)

Parforming the substitution la s u/8, Equation (42) becomes
ki T

p‘(k) ] 2/“’7?_/‘ eapl- ta) dt § erf(i/ ') (¢3)
0

For n + 2, note that I'(}) » |, so that Equatiun (21) immediately yields

kZ

2,
Pa(k) g 1/3/ \‘l‘“,z du = 1 .g'k 12 (24)

Q

A general recursion formula for all n can be cstablished by
expressing Equation (21) as

2

1 n/2 .
P .olk) = u o Coxpleu/éd) du (2%)
nte i(nIZSﬂm“/a”)j

Then, from the properties of the Gamma function,

Z(“/»’&ll‘((n/mﬂ) = nanZF(nIE) (20)

-3
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and, for conatant m and a,

m
f\'mnxp(nv)dv « M_explav) | m‘/‘\'m'lmp(w)dv

a a
Thus, Equation (29%) can be rawritten

(n-2)/2

2
1
Ppealk) mju exp(-u/2)du

oxp(-kzlﬂ

kl\
n2 P22 n72)

@7

(28)

Nuw, the first term on the right side of Equation (28) is precisely pn(k) as

driined by Equation (21).  Thus, Equation (28)can be expressed as the

recuraisn formula

N k" e,
(k) a p (k)= exp(-k“/2)
Pn+—2 n nz(“‘Mr(n/z) xp

Application of Equations (23) and (24) to Equation (29) yields, after some

manipulation,

for odd n

kn‘z

3 .
p, k) = erf(k/\2) - v2/n exp(-kzlz) [k + ]'k'g‘ LGN m]

. 2 4 n-2
p k) = 1 - expl-k?/2) [1 R L e r)

for even n

(29)

(30)

(31)

T Ihese results were obtained by L. Schwartz[Ref. 5] by an indirect method.
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A graph of pn(k) va k for selected values of n, as computed from
Equations {30) and (31), is presented in Figure 1. These same results are
listed in tabular form in Tablea 1 through 8; Tables ! through 4 displaying
values of k corresponding to velected pn(k) and n, and Tables 5 through 8
displaying values of pn(k) correaponding to selected k and n.

ENGINEERING INTERPRE TATIONS

One of the conventional by -products of an error analysis is an
n-dimensional covariance matrix. However, this array, though frequently
encountered, is often misinterpreted. It should be clear from the preceding
discussion that this matrix is related to the one -sigma hyperellipsoid in
n-space. Indeed, the probability that the random n-vector lies within its
boundaries is pn(l) as given by Equation (30) or (31), not pl“) (68%) as is
often incorrectly assumed. Specifically, pl(l) is the probability that any
one element of the random vector lies between the intercepts of the hyper -
ellipsoid with the corresponding coordinate axis without regard to where the
remaining elements lie. In short, forn > |, pn(l) assumes simultaneity,
while Pl(” does not! Indeed, pn(l) is always smaller than pl(” (See
Figure ).

Another common misconception is that the square roots of the
diagonal elements of the covariance matrix represent the lengths of the
semi-axes of the One-sigma error hyperellipsoid. Actually, they bear
no direct relationship to this contour. Note that the intercepts of the
one -sigma hyperellipsoid with the coordinate axes are given by the
reciprocal square roots of the diagonal elements of the inverse of the
covariance matrix as can be shown by examination of Equation (3).
These quantities, however, only provide the coordinate inte rcepts
of the one-sigma hyperellipsoid and do not, in general, define the
semi-axes of the hypercllipsoid. The distinction between these

disappears only when the cocrdinate axes and principal axes coincide.




Since the probability level correiponding to a one-sigma hyper-
ellipsoid in n-space varies with n and is small for large n, it is generally
more desirable to consider hyperellipsoids related to a specific probability
confidence level (such as 50%). The analog of the covariance matrix for such
a region can be found by multiplving the covariance matrix by the kz t cor-
responding to any given pn(k). The resulting matrix can be conveniently
named the "k-variance matrix' and the associated error contour called the
""k-sigma hyperellipsoid.' As with the covariance matrix, the square roots
of the reciprocals of the diagonal elements of the inverse of the k-variance
matrix represent the intercepts of this hyperellipsoid with the coordinate
axes.

It is evident in many cases that the diagonal elements of the inverse
of the covariance (or k-variance) matrix will not adequately describe the prob-
ability distribution of a given random vector. Now, in general, a hyper-
ellipsoid in n-space is not very useful since it cannot be readily visualized. In
addition, the enclosed region is meaningless if the various components of the
random vector do not represent the same physical quantities (i.e., if they

are not measured in commensurate units ).

T s - . .
This is algebraically equivalent to diagonalizing the covariance matrix,

multiplying the resultant by k“, and rotating back to the initial coordinates.
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In such situations, insight can be gleaned by projection into lower
dimensional subspaces, usually 2-or 3-space, in which each of the components
can be expressed in the same units. Two possibilities are available: (1) 2-
or 3-dimensional projections of a general n-dimensional hyperellipsoid which
constrains all random variables can be considered; (2) k-sigma ellipses
or ellipsoids can be found for compatible 2 or 3 element sets of the random
vector without regard to the behavior of the remaining elements. In the
former case, the desired contour is established by extracting the proper parti-
tion of the inverse of the k-variance matrix. In the latter case the desired
ellipse or ellipsoid can be obtained by partitioning the covariance matrix
first, multiplying the result by the appropriate k2 for pz(k) or p3(k) and
then performing a matrix inverse. In either case, the magnitudes and direc-

tions of the principal axes of the final contours can be found by solving the

related eigenvalue-eigenvector problem.

Instead of considering the geometrical problems of displaying hyper -
ellipsoid error regions, a possible alternative is to present results in terms of
hyperspheres with the same probability level. Although this approach may
seem appealing at first, it has accompanying disadvantages. Unless the
Principal axes of the given hyperellipsoid are nearly equal, use of the corre-
sponding hypersphere can lead to serious errors in enginee ring judgement
because all information regarding preferred directions will be lost. Further-

more, even when the use of hyperspheres is justifiable, the desired radius is
not easily determined. For n=2 and n-3 spescial algorithms exist for this com-

putation [References 2, 4]. In these cases, when pn(k) = ,50, the results are

the well-known Circular Error Probability (CEP) and Spherical Error Probability

(SEP), respectively.

=11 -
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In order to illustrate the above concepts, consider the various
50% probability contours in the X - X, plane associated with a zero
¢ R
mean Gaussian random vector x = (xl, Xo» x3) whose covariance

matrix is

1 0.95 0. 90
P = 0. 95 1 0. 95 (32)
0. 90 0. 95 1

First establish the X - X, projection of the 3 -dimensional
ellipsoid which encloses 50% of the values of X)- As indicated above,
the appropriate partition of the inverse of the k-variance matrix must
be found. For the case at hand, n = 3, p3(k) = 0.50, so that Table 1
yields k = 1.5382. Thus

40 338 '4- 226 1] llzz
-1
«’P) = |-4.226 8. 453 -4.226 (33)
J1122 -4.226 4.338

and the desired contour is given by the equation

X:, X 4.338 -4.226 X =1
[ ! z] ] 1 (34)
~4.226 8. 453

Equation {34) implicitly carries a constraint on X3 A 50%
contour in the X) - Xy plane which ignores the value of X3 can also be
established. To accomplish this, first partition the P-matrix, then
multiply by the kz satisfying Pz(k) < 0.50 (where from Table 1,

k = 1.1774) and finally invert the result

-12 -




[xl, xz] 1 0.95 Xy
(1.1774) . (35)
0. 95 1 X,
or
| [xl, xz] "7.399 -7.029| [x,
" =1 (36)

Observe that the reciprocal square roots of the diagonal
elements of the matrices in (34) and (36) give the coordinate axes inter -
cepts of the respective ellipses, while the solutions to the corresponding
eigenvalue -eigenvector problem yields the principal axes and orientation
angles. Note also that the square roots of the diagonal elements of the
P-matrix are the standard deviations of the individual elements Xy Xoo
and x3. Multiplying each by k = 0. 67449 (obtained from Table 1 for
pl(k) = 0.50) gives the 50% boundaries on cach element of x without regard

to the behavior of the remaining twu elements.

The various conteurs and boundaries disci: sed above are
illustrated in Figure 2. For completeness the CEP .- thic jirojection
of the SEP are also shown on the diagram. The exampic -i - 1
considerable variation possible for different contours a-~ 1o w1,

the same covariance ma:rix. The analyst, therefore, must carefully

consider the alternatives and their interpretations hefore b g o
choice. While in general, there is no "best' geometri orpretation
of a Gaussian probability distribution,error ellipsen and cllipsoids are

usually preferable since they contain more information than the other forms.
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PROJECTION OF SEP

50% ELLIPSE COMPUTED
BY IGNORING x [Eq(36]]

a

PROJECTION OF 50% ELLIPSOID
[Eq(34)] |

-+
1.2

X
]

|
LI i

1.6 2.0

20 -1.6

Fig. 2. Probability Contours for Example
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